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ABSTRACT. We prove global in time dispersion for the wave and the Klein-
Gordon equation inside the Friedlander domain by taking full advantage of
the space-time localization of caustics and a precise estimate of the number of
waves that may cross at a given, large time. Moreover, we uncover a significant
difference between Klein-Gordon and the wave equation in the low frequency,
large time regime, where Klein-Gordon exhibits a worse decay than the wave,
unlike in the flat space.

1. Introduction and main results. We consider the following equation on a
domain 2 with smooth boundary,
(02 — A+m?)u(t,z) =0, z€Q
ult=0 = ug Ouli=o = u1, (1)
u|aQ =0.
Here A stands for the Laplace-Beltrami operator on Q. If 9Q # @, our boundary
condition is the Dirichlet one. Here we will deal with m € {0,1}: when m = 0
we deal with the wave equation, while when m = 1 we consider the Klein Gordon

equation.
If @ = R? with the flat metric, the solution uZ(t,z) to (1) with data ug =

29, u1 = 0, 29 € RY has an explicit representation formula

1 .
(b ) = W/e“Ho)f cos(t/TEE +m?) de .

Fixed time dispersive estimates may be explicitly obtained for any ¢t € R, with y
being a smooth cut-off function localizing around 1, h € (0,1) : for the wave flow

(=B 0, ) e ey < Clh™ min {1, (/1) 7"} (2)

and for the Klein-Gordon flow (see [7], [8] and the references therein)

(A =8+ D (1 | oe ey < CCA min {1, (b 1) (h/1) 7 )
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Alternatively, one may state these estimates for h € (0,1) (high frequency regime)
and state similar estimates with h = 1 and x replaced by xo, localized around
0 (low frequency regime). On any boundaryless Riemannian manifold (€, g) one
may follow the same path, replacing the exact formula by a parametrix (which may
be constructed locally within a small ball, thanks to finite speed of propagation).
However, these techniques usually restrict results to be local in time: depending on
other (global) geometrical properties of the underlying manifold, such local in time
estimates may be combined with local energy decay estimates to produce global in
time Strichartz estimates, provided there is no trapping (or some weak form of it).
On a manifold with boundary, picturing light rays becomes much more complicated,
and one may no longer think that one is slightly bending flat trajectories. There
may be gliding rays (along a convex boundary) or grazing rays (tangential to a
convex obstacle) or combinations of both, and as such, even constructing local in
time parametrices becomes a difficult task.

Obtaining results for the case of manifolds with boundary has been surprisingly
elusive and the problem had received considerable interest in recent years. Besides
harmonic analysis tools, the starting point for these estimates is the knowledge of
a parametrix for the linear flow, which turns out to be closely connected to prop-
agation of singularities. It should be noted that parametrices have been available
for the boundary value problem for a long time (see [10], [11], [9], [12], [13], [2])
as a crucial tool to establish propagation of singularities for the wave equation on
domains. However, while efficient at proving that singularities travel along the (gen-
eralized) bicharacteristic flow, they do not seem strong enough to obtain dispersion,
as they are not precise enough to capture separation of wave packets traveling with
different initial directions.

Inside a strictly convex domain, a parametrix for the wave equation has been
constructed in [5] (and recently refined in [4]) ; it provides optimal decay estimates,
with a ([t|/h)'/* loss compared to (2), uniformly with respect to the distance of the
source to the boundary, over a time length of constant size. This involves dealing
with an arbitrarily large number of caustics and retain control of their order. In [4],
one considers (1) with m = 0 locally inside the Friedlander domain in dimension
d > 2, defined as the half-space, Q4 = {(z,y)|z > 0,y € R¥"'} with the metric gr
inherited from the Laplace operator Ap = 92 + (14 z)A,. The domain (Qq, gr) is
easily seen to model, locally, a strict convex, as a first order approximation of the
unit disk D(0,1) in polar coordinates : set r = 1 — x/2, § = y. The Friedlander
domain is unbounded as we consider y € R4~!: trajectories escape to spatial infinity,
except for those that are shot vertically (no tangential component), and we may
expect some sort of long-time estimates. Moreover, in the construction of [4], the
size of the time interval on which the parametrix is constructed does not seem to
play a crucial role, unlike in [5] where a restriction appears, related to how many
wave reflections one may explicitly construct.

In the present work, we indeed obtain a global in time parametrix for waves
(following the approach of [4] for large frequencies) and prove global in time optimal
dispersive bounds for the linear flow. We then do the same for the Klein-Gordon
equation (for m = 1), for which, at least in large frequency case, sharp dispersive
bounds are equally obtained. The parametrix is obtained (for both m € {0,1}) as
a sum of wave packets corresponding to the successive reflections on the boundary
: as the number of such waves that interfere at a given moment is time depending,
for t larger than a certain power of the frequency, the sum of their L°° norms yields
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an important loss. In this case, we use the spectral properties of Ap to express
the parametrix in terms of its eigenfunctions. This representation of the solution
turns out to be particularly useful also in the low frequency case: that situation
had not been dealt with in our previous works on the wave equation and has its
own difficulties, including some surprising effects in the Klein-Gordon case.

Theorem 1.1. Let ¢y € Cg°(R%). There exists C > 0 such that, uniformly in
a >0, he(0,1),teR, the solution u™(t,z,a,y) to (1) with m € {0,1}, with A
replaced by Ap, Q by Qq and with data (ug,u1) = (0(a,0),0), d(a,0) being any Dirac
mass at distance a from 0, is such that

C hy 5o +1
_ m < —Z mi — .
(/=) )| < g min L () ) (4)
Let ¢ € C§°((—2,2)) equal to 1 on [0, %] There exists Cy, such that, uniformly in
a>0,teR*

| 2

_ . 1
6(V=Ap)u" "t 7, a,9)| < Comin {1, T3 (5)
There exist a constant Cy, such that uniformly in a > 0, t € R*

|p(v/—Ap)u™ = (t, z,a,y)| < Cy min{17|t|d212+§}. (6)

Let us comment on these estimates : as far as dispersion is concerned, (4) is the
extension to large times of the main dispersion estimate in [5], and we know it to be
optimal (already for small times, due to the presence of swallowtail singularities in
the wave front). Note that, unlike in R? when the case m = 1 improves for |¢| > &,
here we obtain the same decay regardless of the presence of a mass. This relates
to how we compensate for overlapping waves for large time : even for the wave
equation, one has to switch to the gallery modes and use the spectral sum, taking
advantage of the fact that gallery modes satisfy a suitably modified wave equation in
R9=! where —A, would be replaced by —A, + c|A,|?/3. In estimating time decay,
the nonlocal operator plays the role of the mass (it provides more curvature for
the characteristic set) and one gets the Klein-Gordon decay in R?~!. Hence, when
adding a mass term, one gets —A, + ¢/A,|?/% + 1 and one does not get additional
decay.

For low frequencies, (5) tells us that the long time dispersion for the wave equa-
tion is the same as in R%. This actually holds on more generic non trapping exterior
domains. However, (6) exhibits a loss compared to (5), and this new effect appears
to be strongly connected to our domain. In fact, both this loss and the absence
of gain for |t| > 1/h in the large frequency range may be informally related to the
same operator that was introduced above: —A, + c|A,|?/3 4 1. If one restricts to
the 2D case, e.g. y € R, then one has to deal with the following oscillatory integral,
where ¢ > 0,

olt,2) = / e#ten= el )y ()

for which one may check that there is at least a degenerate critical point of order
two if m = 1 while there is none if m = 0. In fact, the second derivative of the phase
does not depend on z, it does have a zero 7y and then one may chose z so that the
first derivative vanishes as well for that ny. Interestingly enough, this effect occurs
around 7 ~ 1 (and with ¢ ~ wq, the first zero of Ai(—-)), e.g. for a moderately
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transverse direction, and not because of a very vertical direction. As such, one may
see this effect arise in more realistic wave guide type domains and we believe it to
be of interest.

Finally, one can immediately deduce a suitable set of (long time) Strichartz
estimates in our setting, which are exactly the long time version of the ones stated
in [5], for both wave and Klein-Gordon equations.

In the remaining of the paper, A < B means that there exists a constant C such
that A < CB and this constant may change from line to line but is independent
of all parameters. It will be explicit when (very occasionally) needed. Similarly,
A ~ B means both A < B and B < A.

Acknowledgments. The author would like to thank the referee for his careful
reading and constructive remarks and suggestions.

2. The half-wave propagator: spectral analysis and parametrix construc-
tion. We recall a few notations, where Ai denotes the standard Airy function (see

e.g. [14] for well-known properties of the Airy function), Ai(z) = 5= [p ¢l +00) 4o

Define
Ap(z) = €T3 A(eTm/32) = 23 Aj (X273 (—2)), for z€C, (7)

then one checks that Ai(—z) = A4 (2) + A_(z) (see [14, (2.3)]). The next Lemma is
proved in [6, Lemma 1] and requires the classical notion of asymptotic expansion:
a function f(w) admits an asymptotic expansion for w — 0 when there exists a
(unique) sequence (c;, ), such that, for any n, lim,_0 w™ "V (f(w) — 35 cow™) =
cn+1. We will denote f(w) ~qy Y, crw™.

A_(w)
Ar (@)

Lemma 1. Define L(w) = m+ilog
strictly increasing. We also have

, for weR, then L is real analytic and

e

L(O):W/g’WE@WL(W):O’L@): w2 + —B(w%), forw>1, (8)

ol
ol

with B(u) ~1 /s, S re bru*, by € R and by > 0. Moreover, L' (wy,) = 2 fooo Ai?(z—
wy) dz, where here and thereafter, {—wy }x>1 denote the zeros of the Airy function
in decreasing order.

We briefly recall a Poisson summation formula that will be crucial to construct
a parametrix :

Lemma 2. (see [6]) In D'(R,,), one has

. 1
—iNL(w) — - _
E e 27 E L,(Wk)é(w wk) -

NEZ keN*

Hence, for ¢(w) € C§°,

e VLW g(w) dw = 27 #w.
> [ M) do = 2r 30 o) 0

NezZ keN*
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2.1. Spectral analysis of the Friedlander model. Let ; be the half-space
{(z,y) € R,z > 0,y € R¥1} and consider the operator Ap = 92 + (1 + x)A, on
Qg with Dirichlet boundary condition. After a Fourier transform in the y variable,
the operator —Ar becomes —92 + (1 + x)|0|2. For any || # 0, this is a positive
self-adjoint operator on L?(R, ), with compact resolvent.

Lemma 3. ([6, Lemma 2]) There exist orthonormal eigenfunctions {ex(x,0)}r>0
with their corresponding eigenvalues \i,(6) = |0)? 4 wi|0|*/3, which form a Hilbert
basis of L2(Ry). These eigenfunctions have an explicit form

V2r|o)t3
0) = 2 Ai (101232 — wy ), 10
eu(a,8) = = Ai(10°2 — (10)

where L'(wy) is given in Lemma 1, which yields |lex(.,0)||L2r,) = 1.

In a classical way, for xp > 0, the Dirac distribution ,—,, on R} may be decom-
posed in terms of eigenfunctions {ey}r>1 as follows

Sz = Y _ en(z, 0)ex(x0,0). (11)
k>1

This allows to obtain (at least formally) the Green function associated to the half-
wave propagator for (1) in (0,00) x Qg:

C;«m,:{:(t7 z,y, to, To, yO) — Z / e:ti(tfto)\/m2+>\k(@)ei<(y*yo);9>ek (1'7 e)ek (:C07 9)d9 )
k>1 /R
) (12)
In the following we fix + sign and write G° for the wave and G for Klein-Gordon
Green function. By symmetry of G™, we may assume x < x.

We will deal separately with the following situations:

e The high frequency case “/—Ap ~ 277 for j € N, j > 1 ; this corresponds to
VAe(0) ~ 27. The main situation is the “tangent” case |§] ~ 27, which
corresponds to tangent directions, when the number of reflections on the
boundary is at its highest. Indeed, with 7 = %@ = hDy, £ = %&c = hD,,
0 = 2V, = hD,, the characteristic set of 87 — Ap is 72 = £2 + [6]* + |6
Using 72 = A\, (hD,), one obtains (at the symbolic level) that on the micro-
support of any eigenfunction ey, associated to A, (and hence to wy) we have

A(0) = 107 +wr0]Y%, €2 + 2|6 = wil0]*/°. (13)

When A (0) ~ 2% and |0]? ~ 2% then (£/]0])? + = = wi|0]~%/% may be small
and we deal with a large number of reflecting rays on the boundary and their
limits, the gliding rays (the case when (£/|6])? is bounded from below by a
fixed constant corresponds to transverse rays, which may also reflect many
times on the boundary but provide better estimates). This is the (only) case
dealt with in [5], [4] for the local in time wave equation in the Friedlander
domain. Here we start by recalling the main steps to the parametrix con-
struction from [4] and its main properties, and extend it to all ¢; we further
adapt this construction to the Klein-Gordon case and proceed with fixed time
decay bounds (first for this so called “tangential” part corresponding to di-
rections with small initial angles |£]/|6]).

Let 11 € C3°([2,2]) be a smooth function valued in [0,1] and equal to 1
near 1. As —Ap(e"<¥%>ep(z,0)) = M (0)e?<¥9>ex(x,0), we introduce the
spectral cut-off 41 (hy/—AFr) in G™, where h € (0,1/2] is a small parameter.
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Let ¢ € C5°([2, 3]) such that ¢y (hl6]) + Y,5, ¢(27h/6]) = 1. We define the
“tangential” part of the Green function G}* with (xo,y0) = (a,0) as follows

GE™ (1,2, a,y) = Z/ eit\/mei<y,6>wl(h|9|)
k>1 /R (14)

X1 (h/ Ak (0))er(z,0)e(a, 6)do .

As remarked in [4], the significant part of the sum over & in (14) becomes then
a finite sum over k < 1/h, considering the asymptotic expansion of wy, ~ k2/3
(and corresponds to initial angles (¢/]0])? < (wi|0]|~2/3) ~ wrh?®/® < 1, where
the last inequality is due to (13) and the spectral cut-offs). Reducing the sum
to k < 2/h is equivalent to adding a spectral cut-off ¢y (z+h>D?2/|6|?) in G,
where ¢(-) = ¢(-/) for some smooth cut-off ¢ € C§°((—2,2)) equal to 1 on
[—3,3]: as the operator —92+x|6|* has the same eigenfunctions ey (, ) asso-
ciated to the eigenvalues A (60)—|0]> = wy|0|*/3, then (x+h>D?/|0|?)ex(x,0) =
(wi]0]*3/16]*)ex (x,6) and this new localization operator is exactly associated
by symbolic calculus to the cut-off ¢ (wy/|0*?) = ¢(3wk/|0]?/?), that we can
introduce in (14) without changing the contribution of the integral due to sup-
port considerations as 11 (h[60])¢1 (hy/Ak(0))(1 — ¢(3wy/|0]*/3)) = 0. Indeed,

on the support of ¥y (h|6])y1 (hy/Ar()) we have |rf] € [3, 3] and

35

2 4 p2/3 4/3 — 2/3 2/3¢ |2 2
VIO + h2/30 [10014/3 = [RO]\/1 + W2/ /110203 € 53]
while on the support Pf,(l — ¢(2wi/10]?/3)) we have $h?/Bwy/[h0|?/3 > 3 -
hence, if || = |h6] € [2, 2] belongs to the support of 11 (n), then

1+ B 2l > 2l > 2 > 2
on the support of 1 — ¢(3h%* 3wy /|n|?/3), and therefore 1y (hy/Ac(n/h)) = 0.
It will be convenient to introduce a new, small parameter v satisfying
sup (a,h?/?) < 4 < 1 and then split the (tangential part GJ™ of the)
Green function into a dyadic sum G,’Z")7 corresponding to a dyadic partition
of unity supported for wy/|0?/3 ~ v ~ 27sup (a,h?/3) < 1. Let 1ha(p) =
P2(p) — $2(2p), then 1o € C§°([2,4]) is equal to 1 on [2,3] and decompose
d2(+) = ¢(-/2) as follows

620) = 2 (o) > v2(=), (19)

y=27 sup (a,h?/3),1<j<log, (1/ sup (a,h?/3))

which allows to write Gh#’m = Zsup (a,h?/3)<y<1 G}'., where (rescaling the 6
variable for later convenience) G}', takes the form :

1 itr/ i
G;Ln,sup(a,hzm)(t’x’a’y):ZW/ VIR h <> (|
k>1 Rd-1
h2/3wk
X (M0 )62 (17 )entwnfMentasn/mdn, - (16)
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and for 7 = 2 sup (a, h/%), 1 < j < logy(1/ sup (a, h*/%)),

Gy (tx,a,y) = Z = /Rd?l ot/ A (/B) o <ym> g (1))

k>1
2/3,,
/M) (g el /e m/R)n. (17

Remark 1. Notice that, when v ~ sup (a, h?/3) (for j = 0), the support of
the cut-off ¢o (h2/3wk/(|n|2/3 sup (a,h2/3))> is restricted to values h?/3w; <

4|n|?/3 sup (a, h?/3) with |n| € [2,2] on the support of ¥ (n). However, for
values h?/3wy, < 1[n|*? sup (a, h?/3), the corresponding Airy factors ey, (a,n/h)
are exponentially decreasing (see [14, Section 2.1.4.3]) and yield an irrelevant
COntributiOn' therefore Writing ¢2(W) or ¢2(W) —Qﬁ% (W)

yields the same contribution in G3* " . /3) modulo O(h*°). This remark will

be useful when dealing with values ¢ < 7z when O(h™) = O((h/t)>).

e When “/=Afr ~ 27”7 and 0 < || < 297! then wy|0]*/3 ~ 2%, According to
(13), this case corresponds to directions satisfying = + (£/|0]) ~ wy/|0]>/% ~
227/10]? > 4 and hadn’t been dealt with in the previous works [5], [4] (as,
in bounded time, the situation x + ¢2/]|0|> > 1 corresponds to a bounded
number of reflections and follows from [1]). For ¢ € C§°([2,2]) such that
Yi(hl6]) +32554 ¥ (27h|0]) = 1, we define the corresponding part of the Green

function G™ as follows G7™ := > i1 G, Where, for h = 27h, we have

(& (t, x, a,y) = Z /Rdi1 eit\/m2+>\k(9)ei<y,0>w(ﬁ|9‘)

E>1

()

U1(h/ Ak (0))er(x, 0)ex(a,0)dd .  (18)

Notice that in (18) the sum over k is finite as on the support of 1)1 we have wy, <
(h?/h*)?/3. In this case, at least as long as the time is not too large (at least
for t/h < (h?/h?)?), we may consider large initial values 1 < a < 4(2)? (as,

for a > 4(1)? the factor ex(a,0) yields Gﬁyh)(t,x,my) = O((h?/h3)=>®) =

O((h/t)*®). After several suitable changes of variable, obtaining dispersive

bounds for G?}i,ﬁ) will reduce to uniform bounds for Gh”g/mﬁ:l (asin (17) with

h3/ h? instead of h and y = 1). In some suitable sense, we reduce this case to
the previous one by rescaling, which is consistent with the geometric picture
of light rays: transverse rays for long time look the same (after dezooming)
as tangential rays on a short time interval.

o In the case of small frequencies “|v/—Ap| <27, ¢|\/—Ay| <27 welet ¢ €
C§°((—2,2)) such that ¢ = 1 on [—32,2] and introduce the spectral cut-off
#(v/—Ar) in G™. We have to consider all possible situations 0| ~ 277 for j €
N. As (1 —¢(]6])) is supported for || > 3/2, then (1 — ¢(|0]))d(\/ k() =0,
and we can add ¢(|6]) into the symbol of ¢(v/—Ar)G™. Let 5 € C§°([2,2])
such that a(p) = B(p) — 6(2p) then X ey U2(2716]) = 6(16]) and on the
support of 12(27|0|) we have |f| ~ 277 which allows to use again Lemma 3
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and (12). This situation hasn’t been encountered in our previous works. Let

7 m?2 .
Gptaay) =Y [ R GRA) IRE T e ST
k>1
(19)
then >, G is the solution to (1) with data (¢(vV—AF)d(4,0),0), a > 0. In
this case we will see new that effects arise in the case of the Klein-Gordon
equation, as mentioned in the introduction.

The spectral sum Gf’m in terms of reflected waves. Using the Airy-Poisson formula
(9), we obtain a parametrix, both as a “spectral” sum and its counterpart after
Poisson summation. Let G} as in (17), then, using (9), its Fourier transform in

h,y
y, that we denote G}, , equals
A 1 —1 w) it w 3+m
Gt a,n/h) = o= > /Re NL(@) ik Inly/ T+ /nD4m2 (/2 | ()
Nez

x Gy (Inl)n (Inly/1 + (b In)2/3w)ba((h/ ) efy) - (20)

[n]*/?

h2/3

Here, x1(w) = 1 for w > 2 and x1(w) = 0 for w < 1, and obviously xi(wi) =
1 for all k, as w; > 2. At this point, as n € [%,%]7 we may drop also the

X

Ai(z|n|?3 /h?? — W) Ai(aln|*? /h?3 — w)dw.

P1(Inl/1+ (h/In])?/3w) localization by support considerations (slightly changing
any cut-off support if necessary). Recall that

Y3 [ e
Ai(|n** /p?? — w) = % / R oG/ *w) g (1)

Rescaling a = (h/|n])?/3w yields

1 i Hm
Gp(tx,a,y) = —— / // et N na(t,2,y,0,5,00m)
h,y (27T)3hd+1 ]%Z Rd-1 JR JR2 (22)
x 0?41 (In|)v2(e/v) dsdodadn

where we have set <I>7ﬁ7a7h = @W7a7h(t,x,y,a7 s, a,m) with

O i =< 1 >+l (/T o+ m2 (b ])2
3 3

+ % +o(z—a)+ % +s(a—a) — N|:7LL(|77|2/3a/h2/3)> .

Remark 2. The critical points with respect to s,o of (23) satisfy 02 = a — =,
s2 = o — a and on the support of 1, we have o ~ . Making the change of
coordinates o = yA, s = /7S, 0 = \/7T (see Section 3.2 for v ~ @ and Section
3.3 for v > 8a) transforms G}, into an integral with parameter A, := 32 /b : in
order to apply stationary phase arguments, this parameter needs to be larger than
a power h—¢ for some £ > 0 and therefore the parametrix (22) is useful only when
v = h2(=9/3 1f ¢ > h2(1=9)/3 for some ¢ > 0 this will always be the case, but
when a < h2(179)/3 and max{a, h?/?} <~ < h2(1=9)/3 we cannot use (22) anymore.

(23)

Before starting the proof of Theorem 1.1 in the high frequency case, we show that
this reduces to the two dimensional case. We first need to establish a propagation of
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singularities type result for G}, that will be necessary in order to obtain dispersion
estimates in the d — 2 tangential variables.

Lemma 4. Let G}'(t,z,a,y) = Zmax{hg/g’a}§7<1 G}L’fﬂy(t,x,a,y). There exists cg
such that

sup |GJ'(t,x,a,y)] < CR=PO((h/|t))®),  V[t| > h, (24)
z,y,teB

where B={0 <z < a,|y| < cot,0 < h < Jt|}.

Proof. A proof of this Lemma has been given in [3, Lemma 3.2] in the case of
the wave equation on a generic strictly convex domain, based on propagation of
singularities type results. In [3], the time is restricted to a bounded interval h <
[t| < Ty for some small Ty, which is the time interval considered in that paper.
Same arguments apply in the case of the wave of Klein-Gordon equation in the
Friedlander model domain, where the time can be taken large. O

Using Lemma 4 and the fact that our model domain is isotropic, we can integrate
in the d—2 tangential variables n/|n| and reduce the analysis to the two-dimensional
case (by rotational invariance). As such, in the rest of the paper, as long as we deal
with the high frequency case, we consider d = 2. In the next two sections we
consider only high frequencies.

3. The parametrix regime in 2D. The high frequency case.

3.1. Localizing waves for h?/3(1=¢) < g < 4 < 1 for some small € > 0, when
sup(a, h?/3) = a. In [5], it has been shown that, as long as a > h*/7 = p2(1=1/7)/3,
only a finite number of integrals in Ghm;O may overlap ; for such a and for v 2 a,
it follows that at a fixed time ¢, the supremum of the sum in (22) is essentially
bounded by the supremum of a finite number of waves that live at time ¢. Later on,
in [4], it has been shown that, when h?/3(1=¢) < ¢ < 4 < h*/7, the number of waves
that cross each other at a given t in the sum (22) becomes unbounded even for
small t < 1. Moreover, the number of N with “significant contributions” had been
(sharply) estimated which allowed to obtain refined bounds in this regime (better
than in [5], where only the “spectral” version (17) of szazo was then available for
small a).

We claim that, in this regime, although an important contribution comes from
m = 1, it doesn’t exceed the one already obtained for m = 0 : as a consequence,
for both m € {0, 1}, we have to sum-up exactly the same number of terms in (22).
Assume (without loss of generality) ¢ > 0. Let m € {0,1}, d = 2, n € R, then
Gy, = >_n Vi, where we have set

VR, (t,2.a,) 3h3 /R 2 /R e PRanlt e s amly2y )iy (a/y) dsdodod.

(25)
In the same way we define, for ¢o(-) = ¢(-/2) supported in 2 x [—2, 2] as before,

m “I””a (t,z,y,0,8,a,m),,2
Vit a,y) o) 3h3 /R2 /11&2 Nash N (n)d2(a/a) dsdodadn .

(26)
The next lemma, which holds for all ¢, will be useful only for values t < 1/h2.
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Lemma 5. (see [4, Lemma 4]) Let a < S 1. At fizred t > /7, the sum defining
h~y 18 only significant for N St/yy and 0 <x <2, eg.

Z Vi, (t@,a, ) = O(h™).
(N>16t/ 7 Ufw>27}

Notice that, for t < 1/h%, we have O(h®®) = O((h/t)>).

Remark 3. The proof for m = 0 had been given in [4] and is based on non-
stationary phase arguments for phase functions whose large parameter is A, :=
73/2 /1, ; for values of N such that N > 16t/,/7, the phase is non-stationary in at
least one variable and provides enough decay to sum in N and to give an O()\; )
contribution. As A, > \, = a®2/h > h™¢, all these contributions are O(h>) (notice
that the hypothesis h2/3(1=9) < g < ~ from the beginning of this section is necessary
in order to have \, > h™°). If, moreover, ¢t < 1/h% then O(h*>) = O((h/t)*°). The
case m = 1 is dealt with in the same way (as m? comes with a very small factor
h?).

Remark 4. The proof of Lemma 5 only uses the variable T :=t/,/7, and not the
size of ¢ which can be large. However, it turns out that when |¢| is much larger
than 1/h%, as the number of terms in the sum over N becomes too important,
the parametrix written under the form of reflected waves doesn’t provide suitable
estimates anymore. In this case we need to work with (16) and (17). Therefore
Lemma 5 will be useful only for values ¢t < % and in this case we have h® < h/t
which yields O(h>) = O((h/t)*°).

Next, we estimate the number of overlapping waves when m = 1 and prove that
there is no significant difference with respect to m = 0. In order to do that, we have
to introduce some notations. For a given space-time location (¢, z,y), let ./\/]/” (t,z,y)
be the set of N with significant contributions in (22) (e.g. for which there exists a
stationary point for the phase in all variables), and let {fiy(t, x,y) be the set of N
belonging to N*(', ', y") for some (t',2’,y’) sufficiently close to (t,2,y) such that

it —t < Az —2| <vand |y +t'VI+7—y—tyT+7| <~*2
N.;n(t,x,y) ={N € Z,(3)(o, s, a,n) such that V<J,5,a,n)<1>”Nﬂa,h(t,m,y, o,s,a,m) =0},

m m ! ! /
N5 (@) = U{(t’yr’yy’)l\t’*tléﬁ;\rfz'|<%|y’+t’\/mfyft\/WKVS/z}NV (2" y).

The next result will be useful as long as t < 1/h2.

Proposition 1. Let t > h and 1 > v > a > h*1=9/3 The following estimates
hold true:

e We control the cardinal of N1".,(t,,y),

t 5 th?

m < e o
|N1,'y(t7xvy)| ~ O(l) + 71/2(73/]12) +m 73/2 ’

and this bound is optimal.
e The contribution of the sum over N ¢ N{" (t,z,y) in (22) is O(h*).

Remark 5. In the present work we adapt the proof from [4] to all time. For
m = 0, the sharp bounds (27) are obtained in [4, Prop.1] by estimating the distance
between any two points N1, Ny € N{f‘fo (t,z,y) and the proof holds for any ¢t. When
m = 1, the difference comes from the term m?(h/n)? in the coefficient of ¢ which
may contribute significantly only when th > 1, a case that hadn’t be dealt with in
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our previous works. Following closely the approach in [4], we notice that the terms

t|h?
2 o
|t|h2/v3/2 < th?/y7/2 for v < 1 there is no real difference between the cases m = 0
and m = 1.

involving m?(h/n)? give rise to the last addendum m in (27). However, as

Remark 6. The proof of the second statement of Proposition 1 relies on non-
stationary phase arguments for phase functions with large parameter A, = y3/2 /h >
h=¢. When N ¢ N7" (t,x,y), we obtain an uniform lower bound for the absolute
value of the gradient of all these phase functions (with respect to all variables
of integrations suitably rescaled as in (28) below). Therefore there is always one
variable for which the non-stationary phase applies and each V' (¢, z,a,y) with
N ¢ N7, (t,2,y) provides a O(A] M) contribution for any M > 1 and we conclude
using that we only need to sum over N < t/,/7 by Lemma 5. As we will use Propo-
sition 1 only for values of time satisfying ¢ < 1/h?, we have O(h®) = O((h/t)>).

Proof of Proposition 1. Let v € {27a,j > 1}, in which case Vi, given in (25) has
cut-off 12 (a/v) with 1 supported in [3/4,4] or v = a, in which case V", given in
(26) has cut-off ¢2(a/a) supported in [—4,4]. As Proposition 1 will be applied only
for values t < 1/h? when O(h*) = O((h/t)*), we can use Remark 1 to replace
¢2(-/a) by ¢2(-/a) — ¢1(-/a) without changing the contribution in V;”, modulo
O((h/t)>) terms. As ¢o is supported on [—4,4] and equal to 1 on [—3, 3], it follows
that ¢g — dg is supported in [3/16, 4] therefore, we can assume that the symbol of
Vi is supported in [3/16,4]. We sketch the proof of (27) in the case m = 1. We

1,0
rescale variables as follows :

r=9X,a=79At=T,s=75,0= AT, y+t/1+7=7""Y, (28)

Noaqn (T XY, T8, Am) =1 (Y+T3/3+T(X —A) +SS/3+S(% —A)

 pTA R — T Ly A3/2> .\
Y

N
B0 AY). (29)

Y

then @37 , 1, (/71,7 X, 73/2Y7ﬁ\/1 +9T, /7Y, \/7S,7A, 1) becomes 73/2\1’7Nn,a,7,h
(T,X,Y,T,S, A, n) and, in the new variables, the phase function in (25) becomes
AR, Where Ay = 73/2/h. The relevance of the v3/2 factor in rescaling will
make itself clear later. The critical points of Wiy  , with respect to 1,5, A,n
satisfy

Y24+ X=A S?+a/y=A4, (30)

T = 2y/1+ A+ m2h2/n? (T + S +2NVA1 - ZB’(n)WAB/?))), (31)

T+ A+ m2h2/n? — /1 2p2 /2
Y+T<\/ A+ mPh? P - Ty m’h?/n ) @)
Y V1 + YA+ m2h2/n?
FY3/3 4 T(X — A) + S3/3+ 5(% —A) (33)

= %NAS/Q(l - %B’(n)WAS/Q)).
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Introducing the term 2N v/A(1— 3 B'(n\,A%/2)) from (31) in the second line of (32)
provides a relation between Y and T' that doesn’t involve N nor B’ as follows:

212 /,,2
Y + T ((A—1 - m7h/n )
V1+yA+m2h2 /2 + T+~ V1 + YA+ m2h2/n?
2 T
FYBBHT(X —A) +53/3+S(2—A) =24 —(T+5)).
/ ( 5 (V =3 (2\/1+7A+m2h2/n2 ( ))

(34)
Let t > h and let N; € N (¢, 2,y), with j € {1,2} be any two elements of
NT%(t,2,y). Then there exists (tj,;,y;) such Ny € NI'(t;,x;,y;) ; writing t; =
VT, o5 = vX5, g + 5/ 1+ = 73/2Yj and rescaling (¢,z,y) as in (28), the
condition below holds true
T, -T| <1, |X;—-X|<1, |Y;-Y|<L

We prove that |[N; — Ny is bounded by O(1) + m?|T|h?/y + |T|/A2, which will
achieve the first part of Proposition 1. Since N; € N™(t;,x;,y;), it means that
there exists Y;, A;j,n;,5; such that (30), (31), (32) holds with T, X,Y, T, S, A, n
replaced by T;, X;,Y;,Y;,S;, Aj, n;, respectively. We re-write (31) as follows
3 T;
2N/ (1= B (A, A7) = : — (% +8). (35)
2\/1 +yA; +m2h? /3

Multiplying (35) by /Aj/, for j,j" € {1,2}, j/ # j, taking the difference and
dividing by +/A; Az yields

3 S48 St S
2ANi = N2) = 5 (N B/ (mAy AY%) = NaB' (122, 43/%)) = et
+ T ~ 15
2V/A1\/1+~vA; + m2h2/n? 2\/A2\/1+7A2+m2h2/17§'

(36)
Using that X;,5; < A;, A; ~ 1, it follows that L\/}? = 0(1), for j € {1,2}. The

first term, involving B’, in the right hand side of (36) behaves like (N1 4+ N3)/A2,
which follows using B’(nAA3/2) ~ 77]2/1\’7;143 and 1, A ~ 1. Notice that we cannot
take any advantage of the fact that we estimate a difference of two terms, since
each NjB’(nj)\A,A?/Z) corresponds to some 7);, A; (close to 1) and the difference
AT T W is bounded by a constant that has no reason to be small (the
difference between A, turns out to be O(1/T'), but we don’t have any information
about the difference between 7; which is simply bounded by a small constant on
the support of ). Therefore the bound (Ny + N3)/A2 for the terms involving B’
in (36) is sharp. Since N; ~ T}, and |T; — T'| < 1, it follows that this contribution
is~T/ )\,2y. We are reduced to prove that the difference of the last two terms in the

second line of (36) is O(1) + m?>Th?/~. Write
Tj m2h2

T;
2\/147j\/1+7Aj+m2h2/7732‘ 2\/Aj\/].+'ij( 202/ 1T +~4;

The difference for j = 1,2 of the contributions involving 7]]-_2 cannot be estimated

+ O(m4h4)).

better than by m2h?T. We now proceed, as in [4] in the case m = 0, with the
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difference of the main terms :
‘ T _ Ty ’ < 2 ‘ _ VAL
VAT HYAT VAT + A1 VAA VT 740 VT+94
n T — T3
VAT +7A
To|As — Ar|(1 +v(A1 + Ag))
\/A1A2 14+ AN (1 +vA2) (VAL (1T +~vA1) + /A2 (1 +74))

2

+\/1Tm C(1+T2|A2 A1|)7
where C' > 0 is some constant depending only on the size of the support of 1o (for
j = 1) contained in [3/4,4] (or on the size of the support of ¢ — ¢, contained in
[3/16,4] when v = a). The only thing that really matters here is the fact that all
A; stay outside a fixed neighborhood of 0.

We have only used |T> — 71| < 2 and A; ~ 1. Notice that for 7' bounded we can
conclude since [T, — T'| < 1. We are therefore reduced to bound Ts|As — A;| when
T, is sufficiently large. For that, we need to take into account the Y variable. We
use (34) with T, XY, X, S, A, n replaced by T}, X;,Y;,%;,5;, Aj,n;, 7 € {1,2} to
eliminate the terms containing N and B’ as follows:

a 2
Yj+2§%/3+2j(xj—Aj)+Sj’/3+Sj(;—Aj)+§Aj(2j+Sj)
Aj (Aj_l) 272
=T; — + O(m~h . (38
(3\/1+’YAJ' \/1+’7Aj+\/1+7 ( /’Y)) ( )

If T' is sufficiently large then so is T}, and we divide the last equation by T in order
to estimate the difference Ay — Ay in terms of Y1 /71 — Ya/T» as follows

o A (A1)
S 3VI+9A VI+AA+VIF7

Y;
L +0(-2 +0(m?*h? /7).
TJ

(39)

T}

Taking the difference of (39) written for j = 1,2 gives

Y, Y

2 hy ok )+0( )+0( 2h%/y) = (A2 — A4 / IaF, (A1 +0(Az—Ay))do.

T, T Ty
Using that 04 F, (1) = —6((11172)1)/2 and that A; are close to 1, T} are large, it follows
that we can express As — Ay as a smooth function of (— - —) and O(# -) + O(+ 2 )
with coeflicients depending on A; and . Write

(v : Ve Vi ol Lo
Ap=Av = Hy (= G s ) FOP R ) = —6( 22 = 2 +0( 5 7 L) Lo ),
and replacing the last expression in the last line of (37) yields
Y
Tolds - A\ S To| 2 —‘ +O(T2/T1) + O(1) + [T|O(m?h? /) (40)

S|y = Yi|+ Vi1 = To/Ty| + O(Ty/T1) + O(1) + |T|m?h? /v (41)
= O(1) + m?(T|h?/~,

where we have used |Y; — Ya| < 2, |T1 — T3] < 2 and that Y7 /77 is bounded (which
can easily be seen from (39)). This ends the proof of (27). The second statement
of Proposition 1 follows exactly like in [4, Proposition 1]. O
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In the next three subsections we give an overview of dispersive estimates obtained
for the wave equation (for m = 0, see [4] for small ¢) and we generalize them to
large time and for the Klein-Gordon flow (when m = 1). Although the results in
Sections 3.2 and 3.3 are available for all ¢, we will only use them for ¢t < 1/h?, in
which case all the remainders satisfy O(h*°) = O((h/t)*°). Section 3.4 is devoted
to the case of larger values of ¢ > 1/h? when we work with spectral sums.

3.2. Tangential waves for v = a ~ h*(1=9/3 for some ¢ > 0. This corresponds
to initial angles |¢]/|0| < v/a. We rescale variables as follows:

r=aX,a=aA,t=+aV1+aTl,s=+aS,0c= \/&T,y+t\/1+a:a3/2Y.
(42)
Define A = a/2/h > h™¢ to be our large parameter, then Vi, from (26) becomes

a2 ; m
VNt z a,y) = i) /]R ] /R ] MR aan? oy (n)(go — ¢1)(A) dSAYdAdn, (43)

where UG, is given by (29) with v replaced by a due to the change of variables.
As the support of ¢g — ¢1 is the compact set [3/16, 4], we have A € [3/16,8]. Since
the critical points satisfy $? = A — 1, T? = A — X, it follows that we can restrict
to |S],|T] < 3 and A € [9/10, 8] without changing the contribution of the integrals
modulo O(h*) (since for A < 9/10 the phase is non-stationary in S); we insert
suitable cut-offs, x2(5)x2(Y) supported in [—3, 3] and ¢3(A) supported in [9/10, §]
and obtain V{7, (t,r,a,y) = W (T, X,Y) + O(h*), where we abuse notations
with respect to v, replaced by a :

2 .
W (T, X,Y) = (2;11)3/]1@2 /RQ e Naann?yy (1) x2(S)x2(T)s(A) dSdYdAdy .
(44)

Proposition 2. (see [4, Prop.2] for m = 0) Let m € {0,1}. Let |[N| < A and let
WR (T, X,Y) be defined in (44). Then the stationary phase theorem applies in A
and yields, modulo O(h*) terms

2
W (T, X,Y) = a 1// eiA\IIﬁ’avmh(T,X,T,S,Ac,n)nz
' h3(NX)z Jr Jr2
x 1(n)xs(S, Y, a,1/N, h,n) dSdYdn,

where x3 has compact support in (S, T) and harmless dependency on the parameters
a,h,1/N,n.

(45)

Remark 7. For m = 0, Proposition 2 had been proved in [4, Prop.2]. Let m =1
and |N| < A : we state that the factor en (v 1+aA+m®h2/n2=VI+ad) can he brought
into the symbol, in which case the phase of W]\’,fjl(T, X,Y) can be taken to be
URetun As V1 ad+m2h2 /i =1+ aA =O0(h?) and /- ~ N S A =a*?/h
(using Lemma 5), we find th < a2, which yields £ x O(h?) =th < 1.

Proposition 3. (see [4, Prop.3] form =0) Let m € {0,1}, N > X and Wi, (T, X,Y)
be defined in (44), then the stationary phase applies in both A and n and yields

2 i m
W (T, X,Y) = h‘;N 5 MW aanTXY TS Acme)y (6 Y g 1/N, ) dSdY + O(R™),
(46)

where x3 has compact support in (S, T) and harmless dependency on the parameters
a,h,1/N.
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Proof of Proposition 3. The only new situation is the case N 2 A when m = 1, when
we cannot eliminate the terms depending on m?h?/n? from the phase. In order to
prove Proposition 3 for m = 1, we notice that the main contribution of the deter-
minant of the Hessian matrix (with respect to A and 7)) comes from NB(nAA3/2)
and not from the terms involving m2h?/n?. The second order derivatives of phase
URh, of WRTHT, X,Y), defined in (29) are given by

- N
0y (URZlon) = NAAB"(nAAY?) + O(mPTh? fa) ~ 55 + m*O(Th? fa) ~

e N
3,24,A( N,a,la,h) = —Umy

F?

0% A(TR ) = 0 DaVR Lo+ SANAZB (MAAY)) + O(mTH).  (47)

Since B”(nA\A%/2) = O(A\~3), then 0, AVRTL  ~ N/A%. At the critical points, the
Hessian of WHT! | satisfies

N2
=0 "~ o N > )\.

)\27 ~

det Hess \I/N wahlo wm=1

Naah_a\lj

Naah

O

We are left with the integration over (S,Y). In [4, Prop.4,5,6 & Corollary 1],
sharp bounds for Wi'a =0 had been obtained: we recall them as they will be crucial
in order to prove Theorem 1.1 for all £. As noticed in Remark 7, when N < A the

factor e# e (YR alan =YXl n) may be brought into the symbol, hence the critical
value of the phase W%, , , in Proposition 2 for m = 1 is the same as the one for
m = 0. Therefore, the following results hold as in [4, Prop.4,5,6,& 7]:

Proposition 4. Let m € {0,1}. For T < 5 we have
D IWR(T.X,Y)| = W (T.X,Y)| + D W2 (T, X,Y)| + O(h™)
N , :|:1h » (48)
Syt (1(7) )
Proposition 5. Let m € {0,1}. For 1 < N < A'/3 and |T — 4N| < 1/N, we have
Wy (T, X,Y) ! he
LT XDONS 3 (o N —an )

Proof of Proposition 5. (49) is obtained from the following bounds obtained for
m € {0,1} as in [4, Prop.6]

(49)

’ / ei/\qlel’a’a'h(T)X7T’S)Ac’n)772¢1 (77)X3 (Sa Ta a, ]-/Nv hv 77) deTdU

< 1 ()\/NS)fs/G (50)

S NN R (N 1)

O

Proposition 6. Let m € {0,1}. For 1 < N < A3 |T —4N| > 1/N, X < 1, we

have
hl/S

1
~ B2 (1+|N(T —4N)[1/2) "

W (T, X, Y)| S (51)
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Proof of Proposition 6. (51) is obtained from the following bounds obtained for
m € {0,1} as in [4, Prop.6]

’ / ei)\\l"’x;t:a,a'h(T,X7T,S,AC,’I7),,72¢1 (n)X3(Sa Ta a, 1/N7 hv 77) deTdU
(52)

< L(L)ﬂ”“ 1 .
~ N2\ N3 1+(N2‘%—1D1/2
O

Proposition 7. Let m € {0,1}. Let \'/3 < N, X < 1, then the following estimates
hold true

1. When A3 <N <A,

1 ht/3
m <
|WN,a(T’X7Y)‘ ~ h2 ((N/)\l/3)1/2 + )\1/6|T _ 4N|1/2) ’ (53)
2. When A < N,
” 1 hY3\/X/N
|WN,a(T7X7Y)| S EW (54)

Proof of Proposition 7. For \Y/3 < N <\, X < 1, (53) follows by showing that the
integral in (45) satisfies
| [ PR (DTS A gy (1) (5. Y, 1/, ) dSAEd
—2/3 (55)
e
1+ A3 1[1/2

which, in turn, follows for both m € {0, 1} as in the proof of [4, Prop.7]. From the
discussion above, the only new situation is the case N > A? when m = 1, when
we cannot eliminate the terms depending on m?h?/n? from the phase. In order
to prove the last statement of Proposition 7, we notice that, after applying the
stationary phase in both A and 7, we are essentially left with a product of two Airy
functions (corresponding to the remaining integrals in Y, S) whose worst decay is
A2/3_ Using (46), we obtain

11a®p?? 11 a
RNhL a hZ N hi/3
— iih1/3)\2/3 — iL V/\/N

hQN h2 (N/A1/3)1/2'

Wi (T XY S 75 X A7 ~

O

It should be clear from the previous estimates that there are different sub-regimes
when studying decay, especially when ¢ is large. We need to stress that the proofs of

Propositions 5, 6 and 7 in [4] only use the variable with 7' = —= (which is compared

N
to different powers of ) and not ¢, which can therefore be taken as large as needed.
Nonetheless, as mentioned in the end of Section 3.1, the parametrix under the form

of reflected waves will only be used to obtain dispersive bounds for ¢ < 1/h2, when

O(h>) = O((h/t)>).
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3.3. “Almost transverse” waves. Let max{4a, h?/3(1=9)} <4 <1 and
z=9X, a=7A, t=AT, s=./5, o=AT, y+t/1+7=+""Y.

(56)
Let A, = v*/2/h be the large parameter and W7, , be as in (29). As in the case
v = a, we find V;"" (t,z,a,y) = W' (T, X,Y) + O(h>), where

2
W (T.X,Y) = - /R2/Rzww”’“”"‘ngwl(n)X2(S)Xz(T)¢2(A)deTdAdn~

(27h)3
(57)
The following results hold for both m € {0,1} as in [4, Prop.8,9,10 & 11}
Proposition 8. Let m € {0,1}. For0<T < 3, t = /5T, we have

< g ((4)").

Proposition 9. (see [4, Prop. 9, 10] for m =0) For 1 <T ~ N < A2 we have
2 1/3
m gl 1 —12-173 _ N 1
W (T, X, V) < L XA L
Ny h3 /T,N v h? /N
As a consequence, for /7 <t S \ﬁ)\% we obtain
m m 1
IGh,’y(t’x?G"y)‘ 5 Z |WN,7(T7X,Y)|§ﬁ(
NeNT (t,z,y)
since #N(t,z,y) = O(1) for such values of t.
Proposition 10. (see [4, Prop.9] for m =0) For T 2 /\2Y we have
21 1

W (T,X,Y)| < ﬁﬁ@~

<=

1/241/6
)/)\’Y/,

Remark 8. When ¢ is very large (which was not the case in [4] !), Proposition 10
is not helpful anymore as, due to the overlapping (and the fact that #N7" (¢,-) is
proportional to t), summing-up over N yields an important loss. In the next section
we show that using the parametrix in the form of a spectral sum provides a sharp
bound for G?Lfﬂ/(t, Z,a,y) in the “almost transverse” case.

Remark 9. Notice that we obtained the exact same bounds for both m = 0 and
m = 1. Using Remark 7, it becomes clear that this holds for all T~ N < A, ; for
T ~ N > ), the stationary phase applies in both A and n: for m = 1 we act as in
the proof of Proposition 3 and use the fact that the main contribution of the second
derivative with respect to 1 of \Ilﬁjl comes from N B(n\,A%/2) and not from the
terms involving m?h?/n? (and both have factors N or T, with N ~ T'). This is the
precise statement related to the heuristics described in the introduction.

3.4. The case h?/? <~ < h2(179)/3 and the case # 1% (t,-) unbounded. When

v < h?2(179)/3 writing a parametrix under the form over reflected waves (25) is not
useful anymore, since the parameter A\, = y3/2 /h is small and stationary phase
arguments do not apply. In this case we can only work with the parametrix in the
form (17). Notice that (17) can also be used (with surprisingly good results) when
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the time is very large : in fact, since the number of waves that overlap is proportional
with ¢, summing over N when t > 1/h? will eventually provide dispersive bounds
that are (much) worse than those announced in Theorem 1.1. In particular, for
t/\/7 = A2 we have to work with (17) to prove Theorem 1.1. Recall that in (17)
(for d = 2) the sum is taken for k¥ < 1/h (as v <1 and k ~ 43/2/h on the support
of ¥y and k < sup(a, h?/3)3/2/h on the support of ¢3). We intend to apply the
stationary phase for each integral and keep the Airy factors as part of the symbol.
Let

o =yn+ t??\/l + wkh2/3q7*2/3 + m2h2n—2,

then
1_|_2w h2/3 —-2/3
a’r](bk :y+t 3% 7 )
\/1+wkh2/37]_2/3+m2h277_2
t 2 _
02 40 = s [ (2 + Suh®/yo)

\/1 + wph2/3n=2/3 + m2h2n—2 (59)
1 t
*gwkhz/gﬁ%/?’ (1 + 20%(/1/77)2/3” ~ fgwkhz/g?f‘r)/:".

As 1 ~ 1 on the support of 11, for ¢ large enough the large parameter is twk/h1/3.
One needs to check that one has, for some v > 0, |8%Ai((n/h)2/3x —wg)| <
C;17//27¥) Since one has

sup [b' AiD (b — wi)| S Wi, WL >0, (60)
b>0
it will be enough to check that there exists v > 0 such that, for every k < 1/h and
every t sufficiently large, the following holds

max{(t/h)”,w2/2} < (twy /L3, (61)

Remark 10. The additional condition (twy/h'/3)1/2=% > (t/h)" has been added in
order to obtain remainders satisfying O((twy/h'/3)=>) = O((h/t)>°). This condi-

(1

tion holds as soon as ¢t 2> h30- %) for some v > 0, therefore only values t < h'/3

don’t meet this requirement.

As wy ~ y/h?3 = )\3/3 on the support of ¢ (and wy < sup(a, h?/3)3/2/h on

the support of ¢9), proving (61) for some v > 0 is equivalent to showing that
max{(t/h)”,)w} < (t)\g/g/hl/g’)l/%” which in turn is equivalent to v3/h? <

~

(ty/h)1=2¥, which we further write

,Y(,.y/h)1+2y S t1—2y and # Z h%(lflfﬁ). (62)

1/(1-20)
Let t(h,vy,v) := (7(7/11)“‘2”) for small v > 0, then the last inequality

holds true for any t > max{hé(lfﬁ), t(h,7,v)} and the stationary phase applies.

Remark 11. In particular, when the cardinal of N7, (¢,-) is unbounded, we have
t >~ 22—2 and therefore the first inequality in (62) holds for » > 0. If moreover
t > h3(-T2%) for some v > 0, the stationary phase applies with the Airy factors
as part of the symbol as soon as the number of overlapping waves is large and the

remainders are O((h/t)*°).
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Lemma 6. ([5, Lemma 3.5]) There exists C' such that for L > 1 the following holds
sup Z wlzl/QAiQ(b - wk)) < CL'3,
beR N 52,

sup (0w PR wy)) < CRAPL.
beER+ M ch<r

(63)

When (62) holds, we can apply the stationary phase in n (with 1 on the sup-
port [, 3] of ¥). Let nc(wy) denote the critical point that satisfies —6(% + 1) =
wkh2/3/772/3 4 O((wkh2/3/772/3)2).

e The “tangential” case v ~ a > h?/3. As h*/3w;, < a on the support of the
symbol ¢, then |ne(wr)/h)?3a — wi| < 1 and Ai((n./h)?/?x — wy,) may stay
close to Ai(0). For all t > ¢(h,a,v), v > 0 such that ¢t > hs(=T25%) | the
stationary phase with respect to 1 yields, with A = @32/h and k& < X\ and
L ~ X in (63), and modulo O((h/t)*°) terms

. B1/3 P h2/3w 2/3 B1/3
|Gh,a(tax7a Yy |f\/ h2 ‘Z : k/( ))

F<A L/ wk twk
x Ai(( m/h)”% — wp)Ai((ne/R)?3a — wk)’ (64)
1 2 —1 1/241/3
S S~ e
k<X

Remark 12. Notice that in this case, and for ¢ very large, the cut-off ¢5 can-
not be replaced anymore by ¢z — ¢ because introducing ¢1 (R?Bwy/(In)?2a))
in the integrals defining G}, yields only O(h*°) terms (using the exponen-
tial decay of the Airy factors ex(a,n/h)) but we do not necessarily have
O(h>) = O((h/t)*°). However, this is not a problem when working with
the spectral sums : the condition on the support of ¢o yields h?/3w; < a,
which translates into wy < A*/3 (instead of wy, ~ A on the support of ¢). As
Lemma 6 holds for the sum over all £ < A, we obtain the same estimates as if
we had ¢ — (bé instead of ¢2. Notice that this wasn’t the case when working
with the sum over reflections and ¢ < 1/h?, as in that case the condition that
the support of the symbol should not contain a fixed neighborhood of 0 was
crucial.

e The “almost transverse” case v > max{4a, h?/3} : while for z ~ ~ the fac-
tor Ai((ne/h)?/3z — wy) may stay close to Ai(0), for wp ~ (. /h)2/3’y >

4(n. /h)2/3a we obtain better decay from | Ai((ne/h)*3a—w)| < 1+7/4 For

INSES on the support of 1, (2 2/37 ) and for t > max{hS(l =47 Jt(h,y,v)},

the Cauchy—Schwarz inequality together with Lemma 6 with L ~ X, yield,
modulo O((h/t)>°) terms

n 1 —1 1/2
Ghs (82, a,y)] < hf t 1/2’ kz/\: “k Ai?((ne /h) 3¢ —wk)‘
_ . 1/2 1 h
% ‘ > “klAlz((nc/h)Q/ga—wk)‘ < o3 (P)PN/0 (65)

ks
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where we have used Z,WM wy, P A2 ((ne/h)* 3a—wy) ‘ ‘ ka\ w73/2 <1,
as wk/)\g/g € [3/4,4] on the support of ¥y and A, > 2.
4. Dispersive estimates for the wave and Klein Gordon flow in large time.
Proof of Theorem 1.1 in the high frequency case /—Ap ~ % and [0] ~ %
4.1. “Almost transverse” waves. Let max{4a, h?/3(1=9} <~ <1.
Proposition 11. For allt > /¥ and m € {0,1}, we have
- 1 h
| > Pt S (M
max{4a,h2/3(1-)}<~y<1
where the sum is taken over dyadic vy as in (15).

Proof. Let t 2 %, then t > t(h,v,v) for all K2/3 < v < 1 (and, obviously, t >

~

h%(l_%)) . applying the stationary phase in 7 and using Lemma 6 with L ~ &

h
yields a parametrix in terms of a spectral sum modulo O((h/t)*°) terms and, as in
(65)

1 /hN1/2 1
Y eI <:(3) e (66)
4a<y<1

1

As (& )15 < h1/6 for all t > 7z, we find | 2 sa<y<1 Giin ()] < A= (2)2- % . Notice
that for such large values of ¢ these kind of bounds are much better then those
obtained using Proposition 10 and summing up over N € N7",(¢,-) (and then over
U,<1), because the cardinal of N7" (¢,-) is proportional to ¢/,/7 which provides a
bound independent of ¢ for the sum of Wi'_(%,").

We are left with h1/3 < /7 <t < ;% in which case we recall that O(h*>) =

/2
O((h/t)*). Let t ~ 70 for some h?/3 < ~9 < 1 (notice that vy ~ h%/3 corresponds
to t ~ h'/3, while fyo ~ 1 corresponds to t ~ 7). Assume first 7o > h2/3(1=¢)
for some ¢ > 0 : if, moreover, 79 > 4a, we estimate separately the sums over

da<y<vandy <yl

,Y7/2
h2

1. When ~v < g, (h,v,v). Moreover,
as yo > h?/31=2) then t > h'/3(1=7¢) and therefore we can use again (65) with

Ay < Ay, together with )\1/6 ~ 71/4/h1/6 < (h/t)~ /MR < (B /)76,

/ 7/2 . .
2. For dyadic 79 < v < 1 we have ¢t ~ h2 < %o : in this case we use the

form of G}' as a sum over reflected waves. According to Proposition 1 (for
m € {0, 1}) 1" (t, ) = O(1), so only a bounded number of waves Wt _ (%, -)

overlap. Using Proposition 9 for h?/3(1=¢) < 44 < 4 < min{1, #?} yields

Y G Y %(%)UQWG. (67)

Yo<y<min{1,t?} Yo<v<min{1,t2}

e If t > 1, then 79 < v < 1 in the sum (67) and /\}/NG1 ~ s < (L)vs,
hence

> Grtl< Y %(%)f

Yo<yS1 Yo<v<1
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. . 1 (h 1/2 £1/2
o If \/7 <t <1, the last sum in (67) is bounded by ﬁ(?> 7i7s and
1/2 < $1/6
t1/2 < ¢1/6 hence

S enes () (0

Yo<vy<t?

When t? < v < 1 it means that ¢ < /7 and we apply Proposition 8 which

yields
ha1/2
Z Gy —mf( (;) )log(l/h).
t2<y<1
Let now max{4a, h?/3} < vy < h?/31=9 for some small 0 < € < 1/7, then 1 <
Ay < h7€. For 1 2~ > max{h?/3(179 2} we obtain again, using Proposition 8,

DS OBy %(?)”ﬂog(l/h).

max{h2/3(1-¢) 2} <~<1 Yo<y<1

7
We are left with Z’y<max{h2/3(1 0.2y G (¢, ) for hY/3 <t~ < pY/30-79) We

(h2/3(1 e))3/2 _
use (63) (without the preliminary stationary phase in 7) w1th L~ =

h~¢, which yields, as 2 > p2/3(1+¢/2),

hl/3 113 RY/B0=) 1 by 3(1-6)/(1+e/2)
2, GRS G = Sﬁ( ) '
’Y<h2/3(1 €)

Taking e small enough achieves the proof. O

4.2. Tangential waves G}',. We focus on dispersive bounds for G, m € {0,1}.

Proposition 12. There exists C > 0 such that for every h*/* <a <1, h € (0,1/2],
h <t € Ry, m € {0,1}, the spectrally localized Green function G}',(t,x,a,y)
satisfies

h

Ghla(t7,0,9)| S 55 (a1/4(;)1/4+ (%)”3), for all (z,y) € Q4. (68)

Proof of Proposition 12. Recall from Proposition 1 that when a > h?/30=¢) for
some small € > 0,

|t[h?
a3/2

/7
al/2)2’
L

When m = 1, the term 37z is much smaller than % and therefore it doesn’t
modify in any way the number of waves that overlap. Since all the estimates ob-
tained in Sections 3.2 and 3.4 are exactly the same for G}, for both m = 0 and
m = 1, we do not make the difference between these two cases. In the following
we describe all the situations according to the size of ¢t and a. Notice first that if
a < h?/3 there is no contribution coming from tangent directions, so we consider

only values for the initial distance from the boundary such that a > h2/3. Let t > 0.

N (t, 2, )| = O(1) +m? + A =a%?/h.

Let first h2/301-¢) < g < 1 for some small € > 0 and consider t > “;;2 : then
t/y/a > X* and in this case #N{, (¢ ,~) is large and the number of waves W(t (¢, )
vz Ast > t(h,a,v) and t > h2/3A=)xT/2 /p2 —

h'/3(=7¢) then ¢ clearly satisfies condition (62). The stationary phase with respect

that cross each other behaves hke f
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to n allows to obtain a parametrix (modulo O((h/t)*°) terms) as a spectral sum
and we use (64) to bound it as follows

h 1 hiys

1
Gm ot )] < —(= 1/2A1/3
|h,a(7)‘~h2(t) <<h(t) P
where the last equality holds for all t > hA?; as t > \/aA? and /a > h'/? > h,

this is obviously true. Consider now a > h2/3(1=€) and t < a:: when only a finite
number of Wi!,(¢,-) can meet : sharp dispersive bounds are then provided by
Propositions 5, 6 and 7. Moreover, in this case we recall that O(h>) = O((h/t)™).
Iftt> 45 = \/E)\l/s then Proposition 7 applies and we obtain, as only a bounded
number of N are involved in the sum

o Ift € [+%, %), which corresponds to ﬁ € (A3 )), then, using (53), we

EEND
find
m ot NG
|GRa(t, )] =] Z WN,a(Ta ) 5 i
JaNENTL(t) (69)
1 h
g h2( )1/4 1/4

Where the last inequality holds for ¢ > ;5. As (h)1/4 /4 < (h)l/3 only if
t< Lot follovvs that the (RHS) of (69) can be bounded by 75 (% hy1/3 only

if 7 < a3, hence for a < h'/3. In particular, when h'/3 < a < 1, then
1<t< 1/h and the previous estimate is sharp.
o Ift €[5, ;;2) which corresponds to ﬁ € (A, \2), then, using (54), we find
¢ 1 R1/3)\1/2+1/6
Gha(t, )] = | >, W= NS 77—
. . va h? t/\a
WNNGNL’Q(L») (70)
3/2
1 a% - 1 (h)1/37
h2 th1/3 hQ
where the last inequality holds for all ¢ > 2 — hence for all ¢t > “ > a9/4

Let now /a <t < i, then 1 < ﬁ < \/3 and Proposition 5 ylelds a sharp

bound
h

1
‘G?Za(t)' < ﬁ(?
which is reached at t = ¢, = 4ny/av/1+a for 1 < n < hl—\/i As (B)V4gl/* <
(%)1/3 only if ¢ < a—@” it follows that when a < h'/3 we have t < s < ;’—3 and
|Gt )] < 2 (2)1/3 everywhere on [\/a, 7173, while for a > RY/3.(71) is sharp
on (al%, 7i75] and becomes |G}, (¢, )| < %(%)1/3 on [\/a, %]. Remark that in the
last case a > h'/3 we must have ¢ < 1, which is the situation considered in [5] (and
[4]). Let h <t < \/a, then |G}, (t,-)] < 7= (%)!/? using Proposition 4.
We are left with the case h?/3 < a < h?/31=9) for a small 1/2 > ¢ > 0 and with
t < “ One can easily check that for ¢t > /31729 the condition (62) is satisfied
1+2 . As for such v, (twy/h'/3)V/?7V > (t/hl/3)1/2 Y > (t/h) is large,
the stationary phase in 7 applies and (64) holds, yielding

G 5 5 (1) e < LY e

)1/4011/47 (71)

for 41/ =
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where the sum in G', is restricted to k S X\ < h™¢. As for t > h/3(1=2¢) e have
h=¢ < (t/h)3/(0+9)) we conclude taking e small enough. Let now ¢ < h'/3(1-2¢),
Using Lemma 6 with L ~ h™¢ together with the Cauchy-Schwarz inequality yields
h1/3(1—5)

(Gialt, ) S AT2RPLYS = =

(72)

and as t < h'/3(=29 we have h!/301-¢) < (2 )%} <, we conclude taking € small. [

5. Dispersive estimates for the wave and Klein Gordon flow in large time.
Proof of Theorem 1.1 in the high frequency case ”v—=Ap ~ 17, |0 ~ +,
h > 2h. In this section we consider again d = 2 as the higher dimensional case can
be dealt with exactly like in (the end of) Section 2.1 and prove the following :
Proposition 13. Let G(h R (t,z,a,y) be as in (18) and m € {0,1}. There exists a
uniform constant C > 0 such that for every h € (0,1/2], 2h < h andt > h,

G 5yt 2, a,y)| < g(?)1/4(2), (73)

Moreover, for t > h, |Gbm(t z,a,y)| =1351 Giloip(tza,y)| < A (B4,

In the re~maining part of this section we prove P~r0position 13. In (18), the

symbols ¥ (h8) and 1 (h/Ax(0)) are supported for h ~ 1, hence h2X\(0) ~ 1,
Zo\2/3 -

which implies wy, ~ (Z—i) and k ~ 5. Let 0 = n/h with n ~ 1 on the support of

1. The condition wy, ~ h2 (Wthh holds on the support of ;) implies a < (h/h)?
there where the Airy factors aren’t exponentially small.
e When a < i(lﬁi/h)2 and z < a, both Airy factors ey (z,n/h) and ex(a,n/h)
have only non degenerate critical points.
e When a ~ (h/h)?, the Airy factor ex(a,n/h) may have degenerate critical
points of order 2 (and the same thing may happen to ey (z,1/h) for z near a).
e When a > 4(h/h)?, ex(a,n/h) is exponentially small and yields a contribution
O((h?/h®)=°°). Therefore, at least as long as t/h < (h2/h%)3, we can ignore
the contribution coming from initial data at distance a > 4(h/h)? as, for such

t, O((?/h%)=) = O((h/t)).
We let a := (h/h)%@, then a@ <

~

- 2/3
1 and af?/® = d(h2/h?’) n?/3. We define

hs, which satisfies A > % In the two dimensional case, the phase functions of

5\ =
(18) becomes

1- 1 h . .
Oy (YW m) = 5 (yn +tn5 \/wk/(n/\)2/3 + (h/h)? + h2m2/772) (74)
and the Airy phase functions transform into

$*/3+ s (@ —wie/ V) + 0% 34+ o (Za — wi/0)*?).  (75)

Using & > % and wi/(nA\)?/3 ~ 1, the main term in the phase is & wi/(nX)2/3.

For T < A2, we show that we can reduce the analysis to the previous case (when
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h = h). Applying the Airy-Poisson formula (9) and replacing the Airy factors by
their integral formulas (see (21)) allow to write G”" - under the following form

(h.F)
h1/3 L6 0 iy (byswm) —iNL(w) 2/3
Gt = G 3 [ [ [ etfwntts vl
Nez R2
“ ein(s3/3+8(an2/3/h2/3—w)+03/3+<7(x?72/3/h2/3—w)) (76)

X 1y (n\/ w/(nA\)2/3 + (h/h)? + h2m? /772>dsdadwdn,

where w ~ (nA)%/3 on the support of ¥;. Set T := t(%)Q, X = xﬁ, Y = (y +1)
and rescale

w= NP4, s= /NS, o=@\
As n € [3/8,5/4] on the support of 1) and as 1 is supported in [3/4,5/4], we can
re-write ¥ as a cutoff ¢, (A) for some 1y € C3°([1/5,12]) equal to 1 on [9/25,100/9)
in order to keep the same notations as in the previous section. In the new variables

h ! 154 (T,X,Y,X,5,An)
Gy (b 0:9) = (2r) sh Z///]R2e e

X (n)y2(A)dYdSdAdn,

(77)

where A ~ 1, @ <1 and where we have defined (compare with (29))

V(T XY, 0,8 Ay = (Y FY3/34+ (X — A) +S3/3+ S(a— A)

+ T(\/A + (/B2 + 22 [ — (hf)) ~ §NAS/2> + %B(nxfﬁ/?). (78)

In the new variables, G" (hi) has a form similar to G}, _; (with A, replaced by A).
As in Section 3.2, using the equation satisfied by the critical points and the support
of b2, we can restrict ourselves to [S],|Y| < 3 and insert suitable cut-offs x(5)x(Y)
without changing the contribution of the integrals in (77) modulo O(A™>°). The
parametrix under theNform (77) will be useful only for T' < A? which is equivalent
to t/h < (h?/h?)® = A3 : in this regime we always have O(A~ ) =O((h/t)>).
We can write G";l h)(t z,a,y) = S WH(T, X,Y), where WiH(T, X,Y) has the
same form as W', (T, X,Y) in (44) but where 7 is replaced by 1, the factor a
by (%)% (and is due to the change of variables in w,s,o), A by A and VR oo 18

replaced by ‘i/;’vl’&’ (hfy 33 follows

N2 ~ = .
WR@xy) =5 [ [ [ Rann IS0y Ay ($)x(T)aYdSdAdn,
R2
. (79)
We obtain the equivalent of Propositions 2 and 3 for N ~ T < A2

Proposition 14. Let m € {0,1}. Let N < X and let WHT, X,Y) be defined in
(79). Then the stationary phase theorem applies in A and yields, modulo O()\ *) =
O((h/t)>) terms

WR(T, X // AR 0 (T.X,T,8,Am)
v N2 e e (80)

X1 1/’( )Xg(S,T,(l, 1/N7 h’a 77) deTdnv
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where xs has compact support in (S, ) and harmless dependency on a,h,1/N,n.

Proposition 15. Letm € {0,1}, A < N < A2 and WH(T, X,Y') be defined in (79),
then the stationary phase applies in both A and n and, yields modulo O()\ > =
O((h/t)*) terms

32
hN
where x3 has compact support in (S,Y) and harmless dependency on a,h,1/N.

W, X,Y) = W?'via,a,h<T7XaYvTvSvAca"c>X3(5,T,a7 1/N,h)dSdY, (81)

Remark 13. Notice that Proposition 15 remains true for all NV, but, as for N >
A2 the number of overlapping wave becomes large, it won’t allow to obtain sharp
results. Moreover, for T ~ N unbounded by a suitable power of A, we don’t have
O(A=°) = O((h/t)>°) anymore.

Using (50), (52) and (55) with A is replaced by A we obtain the equivalent of
Propositions 5, 6 and 7 where the only difference is that h is replaced by h, a by
@, A by X and we have to distinguish three main situations according to whether
N <A/B A3 <N<Xand A< N < A2,

Proposition 16. Let m € {0,1}. For 1 < N < A3 |T —4N| < 1/N, X <1 we
have, when a ~ 1,

ht/3 1

h2 ((N/AV3)YE 4 [N(T — AN)[H/0)

W3 (. X,7)| (52)
Proposition 17. Let m € {0,1}. For 1 < N < A3 |T —4N| > 1/N, X <1 we
have

ht/3 1

h? (1+|N(T —AN)['/2)

Wi, x,v)| (83)
Proposition 18. Let m € {0,1}. Let A\'/3 < N, X < 1, then the following
estimates hold true

1/3 < h'/® 1
1. When A3 < N <3, ‘WN (T, X,Y)| S 52 sy

< B2 VAN

S
Moreover, as in Lemme &5 from Section 3, for N > 16T the phase functions of
WRHT,-) are all non-stationary in at least one variable and provide enough decay
to sum in N and to give an O(A\~®) = O((h/t)>) contribution.

2. When A S N(~T SN2, [WiHT, X,Y)| <

The last statement of Proposition 18 follows from as in Lemme 5 from Section 3 :
for N > 16T, the phase functions of W7 (T, -) are all non-stationary in at least one
variable and provide enough decay to sum in N and to give an O(A\~°) = O((h/t)>)
contribution. )

The case A < N ~ T < A2 occurs when 2 hﬁ =
for A* > ¢/h > 2. Using Propositions 16, 17 and 18 we can now follow exactly
the same approach as in Section 4 and obtain the corresponding estimates for each
h > 2h. We define a set N7"(T, X,Y) as follows

NI, X, Y) = Uy xvn—rx ) <y N™ (1, X, Y),
N™T,X,Y)={N e Z,3(,T,A,n), V(E’T’Am)\ifﬁ&’(m(zﬁ, X,Y,Y,S,4,n) =0}

)\2>t() >ﬁg—/\ hence

~ hF
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Proposition 19. Let t € R, t > h, h > 2h and T = t(h/h)2. The following holds
true:

o We control the cardinal ofN{”(T, X,Y),
NM™T, X, V)| S OQ) +T/X +m?h*T, (84)

and this bound is optimal.

e The contribution of the sum over N ¢ N7"(T, X,Y) in (22) is O(A\~>°).

Remark 14. For T < A2, it follows from Proposition 19 that [N7™(T,X,Y)| <

O(1) + m?h?T. Moreover, for such T < A we have t/h < A3, therefore the contri-
bution of the sum over N ¢ N7"(T, X,Y) in (22) is O(A\~°) = O((h/t)>).

Remark 15. Notice that when m = 1 and ¢ is large enough, the main contribution
in the right hand side of (84) comes this time from the last term : in fact, as in this
case A2 = 72 (h/h)? > 1/h?, asking T' < A? doesn’t imply anymore h?T = O(1) as
in Section 3 when we had A = ~%/2/h < 1/h.

In order to prove Proposition 19 we use exactly the same approach as in the proof
of Proposition 1 but with the phase function (78). The parameter -y is replaced by
1, and the difference of any two difference points Ny o € N7*(t,z,y) is estimated
(as in (36)) as follows,

T hN2 -  h?
—_ = 2p2 —_— = —_ = —
INy — Na| = O(1) + m?h2T + = T t(ﬁ) DY 3

Let first m = 0 : as long as T < A2 there is no overlap if m = 0 and we can
use directly the (sharp) bounds from Propositions 16, 17 and 18. When T > A2,
condition (61) holds and yields

_ RY3 (o 1/2
m=0 < w 2/3
|G(h,h)(t7$7aay)| ~ iLQ (t) A ’

©ln

B 1

hence for (t/h) > A* we obtain |G™=0 t,z,a,y)| < R (h)?  The situation
(h,R) ~ 2\t

becomes more delicate when m = 1 as there may be overlap due to the presence of

the term h2T in (84).

e For N ~ T < AY3, the set N7"=1(T, X,Y) is unbounded when h? x h?/3 /h =
hh%/3 > 1 : notice that this may happen as we have to consider all values
h = 27h, j > 1. However, if T = 4Ny for some Np € N, then [T—4N|>1 > %
for all N # Np and therefore Proposition 16 applies only for Ny while for all
N # Ny, N ~ Nr, we use Proposition 17. In this case we obtain

> WR=NT, X,Y)| < W=k, (T, X,Y)]
N~Nr,NENT"=Y(T,X,Y)
+ > WR=HT, X,Y)|.
N#Nr,NENT"=Y(T,X,Y)

(85)
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. e . 71/3 51/12
The first integral [Wx=y, (T, X, Y)| is bounded by %5 W = (5.

The sum over N # N is bounded using Proposition 17 as follows

Wm:l T < h1/3 1
Z | N ( )')‘N Z il2 (1—|—|N(T—4N)|1/2)
N#Np ,NeENT*=H(T,X,Y) N#Np ,NeENT*=1(T,X,Y)

RY/3 1
<= Z . -
T A2 1+ (N1 + 5)1/2[5]1/2

N=Nr+j,]j|<h?Np

< i.Ll/S(/l/Z dx +/1/2 dx )
STe o w2 A i N )y e sa) 2N

(86)
where the last two integrals correspond to the sum over N < Ny and N > Nrp,
respectively. The second integral is obviously bounded; to see that the first
one is also bounded, let z = sin2 z, z € [0,7/2), then 1 — x = cos?z, dz =
2sin z cos z and conclude as ~2 5 (L )1/4(%)h1/4 in the regime 7' < A'/3,

o Let \/3 <N ~ T < X5/3 when A3 < t/h < A8/3. As the sum over reflected
waves prov1des an 1mp0rtant loss in thls regime, we shall use G”'=\ as in (18),

(h,h ')
which becomes, after the change of coordinates 6 = n/ h,

W3 et - . )
S A [ RSB )2 (e e, B

kX
(87)
1 Tm=1

The phase functions (hiy are given in (74). The condition (61) is not

necessarily satisfied for such T (as wz/ 2~ A, while T < A5/3 yields only
(t/h) < A8/3). For wy ~ A?/? and 1 ~ 1 on the support of the symbol, we
have, for m € {0,1}

2102 G )| ~ 5 5 (s /A7) (14 O/ + 002)).

The phase functions of the two Airy factors are given in (75) and one can
easily check that their second order derivatives with respect to n behave at
most like A there where (75) may be stationary with respect to s, (when the
non-stationary theorem phase applies we obtain a contribution O((h/t)*°) as
the sum over k is finite). Therefore, the stationary phase with respect to 7
applies and yields a factor (h/t)'/2. However, the terms in the remaining sum
over k cannot be bounded better than by a uniform constant : as L'(wy) ~
2wy, ~ k'3 the sum over k ~ )\ is bounded by A2/3 and we eventually obtain

cgtenen = 5 () E gl < 5 ()0

- 1/
We next prove that h}/s (ﬁ) )\2/3 < %( )

z S Ak (ﬂ)l/ Y for (¢/h) > AY3. This
is equivalent to proving that (h/h)hY/3(h/t)1/4X2/3 <1 for all such ¢, which
is equivalent to (h/h)hY/3X2/3 < XV/3(< (¢/h)Y*). As (RA)Y/3 = (h/h), the
last inequality holds true.

e Let T > M\%/3 : we use the form of the parametrix as a sum over eigenmodes

k and apply the stationary phase with respect to n with the phase function
given in (74) and the Airy factors in the symbols (as we did in Section 3.4) :
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as wg/ 2 5\, the condition (61), necessary and sufficient in order to consider
the Airy factors as part of the symbol, reads as A < (¢/h)Y/2~" for some v > 0;
as we have (t/h) > A3/3 and this condition is satisfied for all 0 < v < 1/4.
Applying the stationary phase in 7 yields again (88) (notice that we cannot
take advantage of Lemma 6 to obtain A'/3 instead of A2/3 in the estimate (88)
as for each k, the critical point 1. = n.(¢, y, wx) depends on k and may be such
that an2/®/h2/3 — wy, stays close to 0). As t/h > A¥/3, then \2/3 < (t/h)L/4
and the last term in (88) is bounded as follows

R () e < L)Ly

To obtain the last statement of Proposition 13 we sum up for all h = 27h.

6. Dispersive estimates for the wave flow in large time and the Klein
Gordon flow. Proof of Theorem 1.1 in the low frequency case. We let
Glp(t,z,a,y) = ZjeN G7'(t,r,a,y) where G7' is defined in (19), then

o2

Glr(t,z,a,y) := ei(y9+t‘/m) 0 A, (6
Bt .00) = 3 / ADAO s o

x Ai(z|0)2/3 — wi) Ai(al0*® — wi)db
where the integral is taken for § € R4~ \ {0}. Let xo € C§°([~2,2]) be equal to 1

on [—3/2,3/2], let M > 1 be sufficiently large and write G = G5, + G&¥r1_y,
where for x € {xo0,1 — X0} we have set

GEr(t.a.9) = Y [ VT (10 oA @) (P Ve, 0)en(a, 000

Lemma 7. Let M > 1 be large enough and t > 0. Then there exists C(M,d) ~
M2 such that

. 1
|G & ll(0) < C(M,d)min {1, ;}
Proof of Lemma 7. Writing 6 = p© with p = |6|, we have

Gl (bryay) =3 / / o101 Gind=2 @, 4@ -2t/ M P
7 k>170 Joesi=2
B 2/3 (90)

<)o Alohno (P5) L el — cu) e — ).

where e; = (1,0, ...,0) € R¢"L. On the support of XO(%)(ZJ‘ ¥(27p)) we have
Me(p) = p? + wrp?/® < M/t which implies p < \/M/t and wj, < (M/t - p2>/p4/3
(as on the support of ¥(27p), j > 1, p doesn’t vanish). Let L = L(M/t,p) :=
(M/t - p2>3/2/p2; as wy, ~ k2/3, it follows that on the support of the symbol of
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G3'r.y, We must have k < L(M/t, p). We estimate Gy, as follows

Gt [ | [ defpr
p<y/M/t ' JSd-2

1
X ‘ Z mAi(xpz/S — wy) Ai(ap?3 — wk)‘dp
1<k<L(M/t,p)

1 1/2
< d—242/3 Ai2 (023 —
N/ p ( > Ty A (@ Wk))

PV M/ 1<k<L(M]/t,p)
(X gt )
i) e W P

1<k<L(M/t,p)

d—2+2/3 2\ /2 2/3
< P (M/t —p ) /p™""dp
p<+/M/t
/ d—2 M/t 2 1/2d
= p ( —p ) P,
p<y/ M/t
(91)
where in the second line we have applied the Cauchy-Schwarz inequality and then
used (63) from Lemma 6. Taking p = %w gives

d—241+1
M) 2

G ()] S (=

/ (1 _ w2)1/2dw < Md/Q/td/2.
t w<l1 -

Let now t < 1 and let p = 2775 for some j > 0 : as A\;(f) < 4 on the support of ¢,
then for fixed 7 > 0, the sum over k in G;” is finite as wy < 4 x 24/3. We estimate
each G7'(t,-) as follows

m —j(d— 1 . 1/2
|Gj (t’ Z,a, y)‘ S 2 i(d-1+2/3) ( E : L’(w )AZZ (33/02/3 - Wk))
1<k <220 k

x( Z L Aiz(apz/g’fwko

/
y<nan L (wr)

s (92)

< 9—i(d=1)

As the sum is convergent, we obtain a uniform bound for Gy, (¢,-) fort <1. O

We are left with G\ (t,1) = D ey Gy, (t, ), where G has the same
form as (19) with the additional cut-off (1 — xo) (t/\}‘v}g)) inserted into the symbol.
Write, for some symbol ¢(©'),

G;'rfl—xo(tvxvaay) = ZA // e~ 17‘@/|26(®/)d®//7d726it Ak (p)m?

k>1 ER4—2

2/3

o)/ A1 = x0) (P ) 0a(@0)

Ai(zp? — wi) Ai(ap®® — wi)dp.
(93)

Make the change of variables p = 2775, with 5 € [2,2] on the support of 15(p). Set

o751, .y, 5, 0') 1= —279 ply|y/T— [Pt/ m? + 272952 + 2-55/35 3wy (94)
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The first order derivative of qﬁ% with respect to p is given by
272jﬁ + %274j/3ﬁ1/3wk

Vm? 4+ 272052 4 243 54 3,
(95)

aﬁ¢2fj(t7l‘,a7y’ﬁa 9/) = _2_j|y| 1- ‘®/|2 +t

and the second order derivative with respect to p is given by

aggzﬁﬁj(t,x, a,y,p,0") = : ¢ : 3 [m2 (272j + 2572/3274j/SWk)
VM2 + 2722 + 2-4/3 543y, 9

_ %(274j/3wk)272jﬁ4/3 _ §ﬁ2/3(274j/3wk)2]. (96)
Notice that if m = 0, the second order derivative of gbej:O does not vanish anywhere
(since the two terms in the second line of (96) have same sign). On the other hand,
for m =1 and j > 0, the second derivative of (bﬁfl may cancel at some p on the
support of 1, : this may happen for an unique k = k(j) ~ 2%/3. Since the phase
functions may behave differently according to whether m = 0 or m = 1, we deal
separately with these cases. In the following, we consider the case m = 0 and then
explain how to deal with the degenerate critical points of ¢Z2]:)1j

6.0.1. The wave flow. Let m = 0. We start by noticing that on the support of

1—xo we have t > inv(fp) and that on the support of ¢(1/Ax(p)) we have A\ (p) < 4:

this implies that on the support of the symbol we must have ¢ > %M . We first deal
with the case when |0] is not too small.

Proposition 20. Let M be sufficiently large and t 2 M. There exists a constant
C > 0 independent of t such that for all e > 0

— C
m=0
Z Gion ()] < |t](d=1)/2 (97)
25 <t(1=€)/4

Proof of Proposition 20. We apply the stationary phase in p = 277/ as in Section
3.4 with phase function ¢ ; and with the Airy factors as part of the symbol. For
m = 0, the main contribution in brackets in (96) is —2 (27%/2wy,)25%/3 (when j > 2
this is obvious; when j € {0, 1} is small and when 2727 ~ 27%/3w;, ~ 1 this remains
true as the last two terms in (96) have same sign) and the second derivative behaves
like

OO0~ — (27 S

Using (60) it follows that, in order to apply the stationary phase with respect to p
with the Airy factors in the symbol we must have, for some v > 0,

(t(274j/3wk)1/2)1/271/ > W2/2~ (98)
The last inequality can be re-written as (£(274/3wy,)/2)1/2=v > 227(2-4/3(,)3/2,
which is equivalent to t'/27% > 227 (274/30,, ) (5+2¥)/4 "and as 2-%/3w;, < 4, we need
to assume 2%/ < /2= for some v > 0. For j such that 27 < t(1=€)/4, (98) holds
with v = €/2. The phase ¢y ; is stationary when 277|y| ~ [t|\/27%/3w;, and on
the support of the symbol we have [t|\/2-47/3w), > [¢[27%7/3w), > M: indeed, this
follows using /Ax(p) > 2 \e(p) (as v/ Ae(p) < 2) and A\ (p) = p? + p*/Bwi ~ p*3wy,.
Moreover, the phase is stationary with respect to ©’ at © = 0 € R?"2, and the
determinant of the Hessian matrix of second order derivative is ~ (277|y|)4=2 ~
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(Jt|/2749/3wy,)?2. We can therefore apply the stationary phase with respect to
both p and ©’, which yields

B 9—i(d—2) 2-27/3 1
IG5 Xo( DIES Z 2 [2=4i/31;,)(d=2)/2 L’ ) —45/3,, \1/2° (99)
k<22 |t| 2—4j/ wk / wk (t 2—4j/ wk)
Using that L' (wy) ~ /2w, (99) reads as (for d > 2)
0 1 1 e - 9-3/3

m=0,d=2 i(14+2/3—1/3) —45/3 _

|Gj71—><o ( )| ~ |t|1/2 x 27 Z 3/4 = |t|1/22 X2 = |t|1/2’
k<22i Wi

_ . 1 .
m=0,d=3 -2 2 m=0,d>4, —25(2d—3)/3
|G],1 X0 ( )| ~ |t| x 27 10g(2 j)7 |GJ 1—xo0 ( ’ )| SJ |t|(d_1)/2 x 27 .
Summing up over j such that 27 < t(1=9/4 allows to conclude. O

From now on we let t+ > M and 2/ > |t|'=9)/4 which corresponds to small
initial angles 0. Fix a € 220/3[1 2] for some jo € Z. We first notice that for
ap®/?® > wy, the estimates become trivial using the exponential decay of the Airy
function on the positive real line. Let ap?/? < wy. As p=279p, p € [%, 2] on the
support of 1y and 27%/3w, < A\p(277p5) < 4 on the support of ¢, we obtain the
condition %(%)2/322(j0_j)/3 < a2 HBR3 <y, < 4 x 2%/3 which further yields
2200=0)/3 < 2(4/3)%/34 x 2*U+1/3 and as (4/3)%/3 < 2/3 we find jo < 3(j + 2).
We start with the sum over j > jo as in this case the Airy factors can be dealt with
using (7) and the decay of AL.

Proposition 21. There exists a constant C = C(d) independent of jo or M, such
that the following holds

C
’ZGjl XO |t|(d 1)/

J>Jjo

Proof of Proposition 21. Using Proposition 20 we are left with the case p = 2775
with 27 > t(1=9/4 which corresponds to waves that propagate within directions of
very small angles < M~Y4. As jo — j < —1, z < a (by symmetry of the Green
function) and a2-2/3p%/3 < 2 x 2200-0)/392/3 < 9 < %wk for all £ > 1, we can
write both Airy factors in (93) using (7). We obtain four different phase functions,
where +7 and +5 mean independent signs,

- 2 ; 2 .
¢m 0,%1,%2 — QSZ?;O +, *(Wk _ a2—2j/352/3)3/2 +, g(wk _ 1’2_2j/3p~2/3)3/2, (100)

3
whose derivatives are given by

- o 2 e e
p¢ 0,%1,%2 :aﬁ¢ "OTF;[ §a2 2j/3p 1/3(ch — a2 2]/3p2/3)1/2

2 —25/35-1/3 —2j/32/3\1/2 (101)
:F2§$2 P (wg — 22 PN,

a2~ 25/3 2/3

(wr — a2~ 21/5;)2/5))
22-2/3 2/3

. (102

o aaary) (102

_ 2 __oi/3._ —92j/3 +
¢m 041,42 _ 3,?(2573{0115&2 23/3/} 4/3(%_(12 23/3/)2/3)1/2 (1+

+, %:cT”/Sﬁ*“/S(wk g2/ /312 (1 +
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The main term in each of the two brackets in (102) is ~ 1. We distinguish two main
regimes :

o If || > 4a, x < a, then the last two terms in (101) (corresponding to the
derivatives of the phase functions the Airy factors Ay) are small compared
to the second term in the right hand side of (95) and therefore the phase
is stationary in p for 277 |y|\/1 — [©/]2 ~ [t|(274/3w},)'/? ; for such values,
the parameter 277|y| of /1 —|©’|? is large ; moreover, |8§¢Z;0’i1’i2\ ~
|t[(27%/3wy,)'/? (as in this regime the second order derivatives of the Airy
functions remain much smaller than 8%@1)2’70) ; we conclude exactly as in the
proof of Proposition 20, as the stationary phase applies in both g and ©'. The
estimates are even better than in (99) due to the decay of the Airy factors.

o Let |t| < 4a, then t/2-% /3w Fra/2-%Bwy — a2-2 Tou/2-4 /3w, — 22-2J

may be close to 0, in which case aggzbzljzo’il’i? may be small. Moreover, we

may also have 277 |y| small there where the phase is stationary with respect
to p: when this is the case we cannot apply the stationary phase with respect
to ©'. However, as for x < a the symbols of Ay(x2729/35?/3 — wy) and

Ay (227235213 — ) decay like w;1/4, we bound |G7=° (t,)] as follows

J,1—Xo
G0 (1, )] < 2790HE=2+2/3) 3 ;1/4“/4 < 9-i(H(d-2)+2/3)924/3
weae L (Wi)wy
. 9-2j(d—1)/3 , ‘
< 27ild=1) < TaE st < da < 16 x 2200/3 < 16 x 2%/3,

where, in order to estimate the sum over k we have used that L'(wg) ~ /2wy
and wy, ~ k2/3. Summing up over j > jo achieves the proof.

O

In Proposition 21 we have considered only values j > jo so that the Airy factors
could be written as in (7). The next lemma deals with j < jo < 3(5 + 2).

Proposition 22. There exists a constant C = C(d) independent of jo, M, such
that the following holds

- C
m=0
E : Gy (t:0)] < |t|(@-D/2"

J<o<3(j+2),20 2t1=e)/4

Proof of Proposition 22. Notice that if a € 2270/3[1 2] is chosen such that 270 <
t(1=9)/4 for some € > 0, then Proposition 20 applies for all j < j, and we conclude
that G7'7=°,  (,-) is bounded by C/|t|{@=1/2, Let jo such that 270 > t(1=)/4 Ve > 0.

For values k such that w; < i22(j°*j)/3 we obtain trivial contributions in (93)
using the decay of the Airy functions. Therefore we split the sum over k in two
parts, according to whether wy, ~ 2200=7)/3 or (, > 22(0=i+2)/3  Ipn the second
case, we obtain %wk > a272/35?/3 and using (7) yields again four phase functions
as in (100); in this case the proof follows as in Lemma 21 for [¢t| > 4a. When [¢| < 4a
we have [t| < 4a < 8 x 220/3. As j < jo < 3(j +2), we write j = [jo/3] — 1 +1,
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with I € [0,2([jo] + 1)/3] NN and we obtain, as in (103),

DRI =R D DS L

J<§o<3(j+2) J<Go<3(3+2)
= Z 9—(ljol/3=1+1)(d—1)
1
3=lio/3]=1+1,1<2([jo] +1)/3 (103)
d—1 d—1
< 47 9—Ud=1) < 47
= |¢|(d=1)/2 = J¢(d=1)/2
1>0
Le}zlt wy, ~ 2200=9)/3 ; we must obtain dispersive bounds for 2 i<io<aii+2) G Oxff(t, ),
where
¥ XO k>1 ©/cRd—2
- tA SN A ,
SO ) (X o>(#)w2<2fp>%m(w2/3—wk>Az<ap2/3—wk>dp.

(104)

Here we have introduced a cut off z/) supported in [+ 1,4] and defined the “tangent”
flow as the restriction of G] Iy, (0 the sum over k such that wy ~ 2200=3)/3, We
need the following lemma, whose proof is similar to that of Proposition 20 :

Lemma 8. Lett > %M There ezists a constant C' = C(d) > 0 such that for small
€ > 0 the following holds

. c
m=0,#
> OGS g (105)

2200—i) <tl—e

Proof of Lemma 8. We follow the same approach as in Proposition 20 : as t is
sufficiently large and wy, ~ 22(0=7)/3 is small for j close to jo, we can consider the
Airy factors as part of the symbol. As in (98), this is possible as long as

/2743wy, > w3

o 3
i — 92(jo—3)/3 Wi . : . 22(jo—3) W
Write wy, = 2°V° S2Gc 275 the last inequality reads as t > T FGos73 ) -

As 27435430, < 4, p € [3,2] and Fhctns € [1,4] on the support of ¥ and ¥(p),
in order to apply the stationary phase with the Airy factors in the symbol it will
be enough to require 22007 < t1=¢ for some € > 0 (and t > M). The dispersive
bounds follow like in (99) :

‘Gm O#(t )l . Z 9—3(d~2) 2 25/3 1 .
J1=xo0 \ ~k~2j0_j(<22j) |t| 2-43/3, ) (d=2)/2 * T(wr) (t\/241 /3wy, 1/2
(106)

O

Let now j such that 2200o=7) > ¢1=¢ for some small ¢ > 0 and k such that
wGE € [1,4]. Replacing the Airy factors of (104) by their the integral formulas
(21) yields a new phase

3 . o3 /3 ~
w0+ g = sk — a2 4 S — o — 227H PR, (107)
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whose critical points satisfy s + a272/352/3 = w;, and o2 + 227 2/352/3 =
and whose critical values equal (b}:j:o’il’iz defined in (100). If [s] > 2,/wg or
lo| > % Wk, repeated integrations by parts provide a contribution O(w, ") for all
n € N: as wy ~ 220079)/3 and 2200=3) > 1=¢ then O(w;") = O(]t|™). In
the following we let |s|, |o| < §\/wg. If |s|,|o| > §/wk, then the stationary phase
applies in both s,o, the critical value of the phase becomes qSZ?Qihiz and we
conclude as in Proposition 21. Let |s| < 1,/wy, or |o| < £./wy, then |s+ 0| < 2,/
and |s — 0| < 3, /wy.

Let first |t| > 20a, then the phase is stationary in j if 277|y| /1 — |©']2 ~
|t](27%/3w;,)/? : as a consequence, the stationary phase can applies in ©’: in-
deed, the phase is stationary in p when

2_2jﬁ + %2_4j/351/3w'k
\/2—2]‘[32 + 2—43'/3[34/:’>w,c

where [s + o] < 2,/0y. Since jo is large (recall that 27077 > ¢t(1=9/2) and so is j
(recall that we are dealing with j < jo < 3(j +2)), the middle term in (108) equals

27yl /1 — |02+t —(s+o0)w, =0, (108)

9% 5 4 %2743'/351/3‘*% 9 s _ 513
= Z|t|p7 /2243 /3w,, P
1 V2 2[R 4 243 By, 3 [t 2 Wk (1 + (2233003,
As a € 2%00/3[L 9] 2200=3)/3 > 10 and j € [3,2], we have
‘t| 272]'154, %274j/3[51/3wk
V272 2 4 249 /3 54 3y,

+0((27wi) ).

2 ,
> 3 X 20a x 27213 o x p1/3

> g X 20 X %221’0/3 x 27413 Jon x pY/3

20 3/2
>
= 3% dx sk

and as (5/3) x 27/% ~ 1,32 > 5/4 it follows that (108) can hold only if 277 |y| ~
|t](274/3w;,)/2 > M, so the stationary phase applies in ©' as the parameter is
sufficiently large. Moreover, for |[t| > 20a, the second order derivative in g is ~
|t](27%/3w;,)'/2, so the stationary phase applies also in j and the estimates we
obtain are exactly as in (106).

Let now t < 20a and |s|,|o| < 2/wi, with [s+0| < 5/wg. Notice that in this case
the stationary phase in ©’ may not apply at all as the parameter 277 |y| may remain
small. After the change of variable p = 2775, the sum 2 <i0<3(i+2) G;»T,le_())’(’f(t, )
can be bounded as follows

DIRCH (TP ED DI Rl A i)

> (5/3)273wd/?,

7<50<3(3+2) J<jo<3(j+2)
1 i~ . —j~ -
X Ai(z(2775)*3 — wi) Ai(a(277 )3 — wk)‘dp
—~ L' (wy)
k~270—7J
d—1
DI e LT 2x7
S~ T i
J<Jo<3(3+2)

(109)

where we have used that k ~ 299=7 on the support of zﬁ(zz(ﬂfifma) and then applied
the Cauchy-Schwarz inequality followed by (63) with L ~ 27°=J to obtain the first
sum in the second line. To deduce the last inequality we have used |t| < 20a <
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40 x 2290/3 which gives 2~70(d=1)/3 < MZ:%:)/Q together with the fact that the sum
over j is taken over jo/3 — j < 5/3 so it is convergent. O

6.0.2. The Klein-Gordon flow. Let now m = 1, then the term in brackets in (96) is

2 , . 1 ) , ,
Fes (P23 = §(2—43/3wk),0~—2/3 (1 _ (2_4]/30%)[34/3) _ §(2—4j/3wk)2—2] G340,
(110)
The following expansions will be useful (see [14, (2.52), (2.64)])): w1 = 2.3381074105,
wy = 6.7867080901, and for j > 2, wy_g2; = ( ”)2/3 x 240+D/3(1 4 O(2720+D)),

We now separate two different situations: the first one was alluded to in the
introduction and uncovers a new effect that leads to a worse decay estimate for
Klein-Gordon. The second case is dealt with as we did for the wave equation.

1. Let j = 0 and kK = 1 : we claim that 6%(;58}1:1 may vanish for some p near
1forall t. Let j = 0 and k = 1 and let z = 5% : the function f; o(2) :=
1+ 227wy — fwi2? — 2208 satisfies f10(1) = 1+ gwi — 2w? € (0,04,0,05)
and f{ g(z) < 0 for all z > 0, hence fo is strictly decreasing, so the second
derivative of qﬁ?fozl does cancel for some p very close to 1. In the same way,
for each j > 1, there exists at most one value k(j) > 2, k(j) ~ 227, such that
f,j(2) vanishes for some z near 1. We have 274/3w, ;) ~ 1.

Let j > 0 and k = k(j) and let a ~ 2%0/3 for some jo > 0. As a272/3 <
w(j) ~ 2%4/3, we must have jo < 3j + ¢o for some fixed ¢y depending only on
the support of the 19, ¢. If t is large but such that ¢ < M;a for some M; > 2,
then 2-%70/3 < M, /t and we can proceed as in (109) : the change of variables
p = 279p yields a factor 2-(@=17=2/3 a5 in (109). Using (63), the sum over
k ~ 227 of the Airy factors yields in turn a factor 2%//3. Writing

9= (d=1)j — 9= (d=1)(ijo/3)  9=(d=1)jo/3 < 9=(d=1)(i—jo/3)4~(d=1)/2,

and using that the sum over j is taken for j > jo/3, provide bounds like
t=(@=1D/2 for the sum over j, k(j). We are left with the case t > Mja. Writing
the Airy factors under their integral form yields phase functions as in (107),
where (,bm:() is replaced by d)m:l and where k = k(7). The first order deriva-
tive of this new phase with respect to p equals 8p¢k(—1 + a32 2j/35-1/3 4

2a0272/3571/3 and using s2,0% < 2wy < 24973 it follows that the abso-
lute value of last two terms in this derivative are bounded by c;a and c¢iz for
some fixed constant ¢; > 1 ; moreover, we recall that, by symmetry of the
Green function (and its spectral localizations), we can assume x < a. The
first order derivative of ’k”J:l is given in (95) and for k = k(j), the factor of
tis ~ 27%/3w, ~ 1. Therefore, if M; is chosen sufficiently large, then the
phase may be stationary in p when 277 |y| ~ ¢ ; in particular, as ¢ is large, the
stationary phase with respect to 6 applies. Near p such that 82¢k(3 =0 we
have 33¢k Gy ~t and using again that ¢ > Mya > Mz with M; large im-
plies that the third order derivative behaves like t. Applying Van der Corput

lemma yields a factor t~1/3. For each j we have L,(wlk(‘)) ~ \/WlT) ~ 2721/3,
J J

Eventually, the sum over j and k ~ 2% may be bounded by Ct—(4-2)/2-1/3
for some uniform constant C' > 0.
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Notice that we cannot do better than that for m = 1 : using (9) yields a
sum over N ~ t and as t is large, the number of waves which provide impor-
tant contributions is proportional to ¢, which yields a loss worse than the one
obtained using the gallery modes.

2. For j > 0 and k # k(j), then 93¢7"=" # 0 on the support of 1. This situation
can be dealt with exactly as in the case of the wave flow and provide the same
kind of bounds.
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